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ABSTRACT  The theory of the kinetics of binding of ligands to a sphere partially covered by receptors is extended to provide the full
time dependence of the reactive flux. The ligands diffuse to the receptors; the receptors are either fully or partially absorbing. The
total flux into the sphere with many receptors is expressed analytically in terms of the flux into a single isolated receptor on the
sphere. At steady state, the Berg-Purcell formula is generalized to the case where the binding to a single receptor is only partially
diffusion controlled. At short times, the receptors behave independently and the total flux is the sum of the fluxes to the isolated

receptors.

INTRODUCTION

The kinetics of binding of ligands to a sphere partially
covered by receptors has received considerable theoreti-
cal attention. Previous treatments (1-3) relied on a
steady-state calculation of the diffusive flux of ligands
into the receptors. We present a fully time-dependent
treatment of the same problem. In addition, we relax the
previous assumption that the rate of binding to a
receptor is completely diffusion controlled. After some
introductory remarks, the results are described in some
detail. A separate section is devoted to the mathematical
details of the derivation.

The problem is formulated as follows. The concentra-
tion of ligands at spatial position r and time ¢ is C(r, ).
This satisfies the diffusion equation

ad
= C(r,1) = DV’C(r, 1), 1)
where D is the diffusion coefficient. Initially the ligand
concentration is uniform outside the sphere,
C(r,0)=C,=1 [allr > R], )

where R is the radius of the sphere. All results are
proportional to the initial concentration C,, so this is set
equal to 1. The solution of the diffusion equation also
involves boundary conditions. The sphere itself is re-
flecting; the receptors placed on it are partially absorb-
ing. Then the boundary conditions are

d
D o C = «kC [on the receptors] and (3a)

d
D n C =0 [off the receptors]. (3b)

If k is infinite, the receptors are perfectly absorbing and

the concentration vanishes on the receptors. For finite k,
the receptors are partially absorbing. In these equations,
d/dn is the radial derivative at r = R. The goal is to find
the total flux k(¢) into the receptors. This is given by the
surface integral

k(t) = $ dsp % car, 1). )

Because the flux vanishes on that part of the sphere that
is not covered by receptors, only the receptors contrib-
ute to the surface integral.

The specific aspect of the problem to be discussed
here is how to handle the diffusive interference between
individual receptors. We assume that the time depen-
dent flux to a single receptor on the surface of a
reflecting sphere is given. The question is how to use
information about a single receptor to make a theory for
N randomly distributed receptors. The main difficulty in
doing this is that the flux of ligands into any single
receptor disturbs the distribution of ligands near other
receptors. This “diffusive interference” makes it difficult
to satisfy boundary conditions uniformly on all recep-
tors.

An approximate steady-state theory for ligand binding
to receptors on a sphere was presented by Berg and
Purcell (1). Their results may be summarized briefly as
follows. The total flux of ligands into a single receptor,
treated as a disk of radius a is

Ky, = 4Da. ©)

(This is actually the flux into a disk of radius a on a flat
plate, and not a disk on the surface of a sphere. If the
radius of the sphere is much greater than the radius of
the disk, we expect this to be a reliable estimate for k,.)
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The total diffusive flux of ligands into a fully absorbing
sphere of radius R is given by the well known Smolu-
chowski formula

K. = 4wDR. (6)

sphere

Then, according to Berg and Purcell, the total flux into a
reflecting sphere covered by N absorbing disks is approx-
imately

k _ ksphere . N kdisk

- ksphere + delsk ) (7)

At low coverage, the flux is controlled by individual
disks, so that k is approximately Nk, . The actual flux is
always smaller than Nk,,. At high coverage, the flux
approaches the Smoluchowski value ... One does not
need to cover much of the sphere’s area by disks in order
to reach the Smoluchowski limit.

Recently an effective medium treatment (3) was used
to rederive the Berg-Purcell (BP) result, and to obtain at

the same time a small correction,

ksphere ) N kdisk (8)
( _p)ksphere + Nks’

k=

in which p is the fraction of surface covered by receptors,
p = Nma’/4wR’. (Appendix A contains some information
about the agreement of Eq. 8 with the results of
computer simulations [4]). The main result of the
present paper is a generalization of this formula to the
time-dependent case.

The BP result, and the modification containing the
extra factor 1-p, apply to the steady state only, and it is
evident that the time-dependent theory must be dif-
ferent. For example, the flux into a single disk can only
approach the steady-state value k,,, after some time has
passed. The flux starts out proportional to the area of
the disk rather than its radius. It takes a while for an
initially uniform ligand distribution to relax to what one
finds in the steady state, and for the flux to relax to 4Da.
In the same way, the total flux into N disks is initially
proportional to the total area of the disks, and is not the
same as the steady-state flux.

RESULTS

The main results of the treatment to be discussed here
can be stated in a way that closely resembles the steady-
state result. To account for time dependence, we use
Laplace transforms in time, with the general definition

f@) = [ ace10). ©)

The Laplace transform of the time-dependent total flux

into a reflecting sphere covered with N receptors is k;
this is what we want. The transform of the flux into a
single absorbing disk on an otherwise reflecting sphere is
ks this is what we are given. The transform of the total
flux into an absorbing sphere is k,,,; this comes from
the time-dependent version of the Smoluchowski theory.
Then, these fluxes are related by

Py

iésphcre * Nk gige
(1 - p)ksphere + deisk '

k= (10)
This expression is valid even when the disks are partially
absorbing, i.c., when boundary condition (Eq. 3a) is
used. Then k.. (z) must be replaced by the flux into a
uniformly partially absorbing sphere obtained using the
same boundary condition.

The preceding formula reduces properly to the earlier
modified BP formula in the steady state. This is a simple
consequence of the observation that if any time-
dependent function f(¢) approaches a steady state value
f() at long times, its Laplace transform f(z) approaches
f(»)/z in the limit z — 0. Then all k’s can be replaced by
their steady state values. In the following, we use f
without the “ for the steady-state value f(x).

To use this, we must know the time-dependent fluxes
K onere (1) and kg (£), or more conveniently, their Laplace
transforms k.. and k,,. The first of these is well

known,
RD \/?
1+R\[5]- (11)

A 4w
ksphcrc (Z) = T

This is the time-dependent version of the Smoluchowski
formula. The generalization of this to a uniformly
partially absorbing sphere (denoted by a prime on k) is®

4’"R : Klzsphere (Z )
AR + 2k e (2)

K nere (2) = (12)

where Izsphm(z) is given by Eq. 11. At steady state this

becomes

o 4mR*k4nDR  4mkDR?
" AmR% + 4wxDR Rk + D

(13)

The corresponding quantities for a disk have not been
evaluated in closed form. For a fully absorbing disk,
several terms in the short-time® (z — «) and long-time’
(z — 0) expansions have been obtained. The following
expression reproduces the first two terms in both of

these expansions,
iédisk( 2) =

zZ

1) a \/l:)

4aD wa\/; T
: 1T T Vptla -

(14)

1
z’
a+a\/l—;
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in which « = w(4 — w)/(w* — 8). The corresponding
expression in the time domain is exact at short and long
times; at intermediate times it is within one percent of
the results of numerical solutions of the diffusion equa-
tion.” For a partially absorbing disk (denoted by a prime)
a useful estimate for the steady-state rate constant can
be obtained by mimicking the structure of the result for
the sphere in Eq. 13,

wa*k4Da 4Da

e = ma’x + 4Da 1 + 4Djmax

(15)

In Appendix B, this expression is derived as the first
member of a series of successively more accurate approx-
imations. Eq. 15 turns out to be reasonably accurate for
all values of k, with a maximum deviation of less than
four percent. For the time dependent flux to a partially
absorbing disk, we expect that the analog of Eq. 12,

. _ wa*kk gy (2)
ks (2) = e + k(@) (16)
where lém(z) is given by Eq. 14, should be a useful
approximation, although we have not investigated this in
detail. Eq. 16 reduces to Eq. 15 at long times, while at
short times it correctly predicts that k/,, = ma’k.

We have already mentioned that at long times Eq. 10
correctly reduces to the modified BP formula for com-
pletely absorbing disks. We can generalize this to the
partially absorbing case by using Egs. 13 and 15. The

final result is written most simply in reciprocal form,

1 1 a-p 1
k= 4wDR T Naba T Nma’

(17)

When the binding to a single receptor is reaction limited
(ma’x < 4Da), then Eq. 17 simplifies to

41wDRNTa’k

= 18
4wDR + Nmwa’x (18

To investigate the short time behavior of the time-
dependent flux, we note that, irrespective of the boundary
conditions, both ksphm(z) and kd,sk(z) are proportional to
the area as z — «. In particular, ksphm — 4wR*(z) and
kyy — ma’f(z), where in both cases, f(z) — x/z when k is
finite, and f(z) — (D/z)"* when « is infinite. On using
these results in Eq. 10, we find

IE(z) - Nledisk(z) as z— oo, (19)

Thus, at short times, the N receptors behave indepen-
dently of each other.

To find the actual time dependence of k(¢), one must
invert Laplace transforms. In the perfectly absorbing
case, this can be done analytically (in terms of error

functions) if the approximation given in Eq. 14 is used
for k,,(z). Otherwise, one may have to do the inversion
numerically.

Finally, we emphasize that in calculating the flux, we
assumed that the receptors provide an infinitely capa-
cious sink for ligands. In the context of the Smoluchow-
ski approach to diffusion influenced reactions, this
suffices to obtain the time-dependent concentration of
cells to which no ligands are bound. In particular, if the
ligand concentration [L] is much greater than the re-
ceptor concentration, the relative concentration of cells
with all N receptors unoccupied is exp (—[L}] [ k(7)dT).
In the opposite limit, when the concentration of cells [C]
is much greater than the ligand concentration, the
probability that no ligand is bound before time ¢ has the
same form, except that [L] is replaced by [C]. This might
be useful in describing the infection of a cell culture by a
virus. If each cell has N receptors for the virus, the
probability that infection (i.e., binding of the virus) has
occured before time ¢ is 1 — exp ( — [C] [ik(7)d7). The
calculation of the time dependence of the average
number of bound ligands requires further investigation;
an interesting approach has been made by Geurts and
Wiegel (8).

Our results may be more immediately applicable in
electrochemistry; electrodes do act as infinitely capa-
cious sinks, and the electric current into them is propor-
tional to the flux. Recently, random arrays of microdisk
electrodes imbedded in an electrochemically inert plane
have been prepared (9). We have considered elsewhere
(10), the application of the results derived in this paper
to the problem of calculating the time-dependent cur-
rent at such arrays.

Prager and Frisch (11) studied the apparently related
problem of calculating the steady-state permeability of a
planar membrane containing randomly distributed circu-
lar perforations. Using a different effective medium
treatment, they found a logarithmic dependence on the
number density n of holes when # is small. In the main
result of our paper, we find that £ is a rational function
of n. The relation between their work and ours is not
clear to us.

DERIVATION

Mathematical details concerning the derivation of our
principal result, Eq. 10, are presented in this section of
the paper. To repeat the formulation of the problem, we
want to solve the diffusion equation for the ligand
concentration outside the sphere, with specified bound-
ary conditions on the surface of the sphere. The sphere
is covered by N receptors or disks. Off the disks, the
sphere is perfectly reflecting. On the disks, the boundary
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conditions are either absorbing or partially absorbing. In
the initial state, the ligand concentration is spatially
uniform. We want the time dependent flux into the
disks.

The derivation of our main result is based on the same
effective medium approximation that was used earlier to
derive the steady state result. The idea is a simple one.
To a distant observer who cannot see fine details, the
reflecting sphere with N receptors looks like a sphere
that is partially absorbing everywhere on its surface. This
is called the “effective” sphere, and is labeled by E.
The total flux into the effective sphere is denoted by kE,
this is what we want. Now return to the original system, a
reflecting sphere covered by N receptors. Select a point
at random. The probability that this point is in an
absorbing receptor is the fraction p = Nwa*/4wR? of the
surface that is covered by receptors, and the probability
that it is in the inert part of the sphere is 1-p. Construct a
disk-shaped region around this point. We consistently
refer to this region as “in,” and the remainder of the
sphere as “out.” In case A, this region is assigned single
disk boundary conditions, as in Eq 3a. The total flux is
denoted by k In case R, it is assigned reflecting
boundary copdmons, as in Eq. 3b. The total flux is
denoted by k,. Case A has probability p; case B has
probability 1-p. The surface area outside this special
region appears uniform to a distant observer and is
assigned the same “effective” boundary conditions in
both cases. The total flux, averaged over the two cases 4
and R, should look like the total flux in case E ; this is the
effective medium condition

ke = pk, + (1 — p)kg. (20)

Because cases 4 and R both involve the same boundary
condition in the outer region as case E, this equation
determines self consistently the boundary conditions
that apply on the effective sphere.

A fourth case, labeled S for single disk, is also needed.
This is the case of one receptor on a reflecting sphere;
the total flux is denoted by k It is what we earlier called
kd,sk As stated in the introduction, we assume that this
quantity is known. All results depend on its value.

To apply the effective medium condition, we first have
to work out the various fluxes. These are determined in
principle by solving the time dependent diffusion equa-
tion with appropriate boundary conditions. Fortunately,
we only need to solve cases E and S; E is easy because
the sphere is uniform, and we already assumed that S is
known. The rest is some rather disagreeable algebraic
manipulation.

The Laplace transform of the diffusion equation is

2C(r,z) - 1=DV*C(r,z) (r > R). 1)

The solution of this equation is fully determined by the
boundary conditions satisfied by C on the surfacer = R.
These boundary conditions vary in different parts of the
surface, depending on which of the cases E, 4, R, and §
is chosen. The boundary conditions involve the value ¢
and the normal flux, denoted by

C, (22)

at all locations on the surface. For a fully absorbing
boundary condition, we require that C = 0; for a
reflecting boundary condition we require thatj = 0; and
for a partially absorbing boundary condition, we require

a

j=xC, (23)

where k measures the degree to which the specified part
of the surface is absorbing.

The total flux into the sphere is determined by the
surface integral of the local flux,

k = ¢ds;. (24)

In case S, a single receptor on a reflecting sphere, the
boundary conditions are: in the reflecting region

Js=0 [out] (25)
and on the receptor or disk
Js=xCs [in]. (26)

Note that the single disk is treated as partially absorbing;
for a fully absorbing disk, « is infinite and C; = 0 on the
disk. These stated boundary conditions, and the initial
condition, fully determine the complete solution for this
case, and in particular the total flux is

= ¢ asj.. @7)

This is the same quantity as the earlier I@dm.

In case E, referring to the effective sphere, the
boundary condition is the same everywhere, and may be
written as

Je = kC; [entire sphere). (28)
The effective sphere is partially absorbing; the coeffi-
cient kg is generally a function of z. Actually we don’t
need to specnfy it at all. What is s1gmﬁcant is just the
normal flux j;. The total flux k = 4wRY is what comes
out of the derivation.

In case A, the boundary condition outside the disk-
shaped special region is chosen to be exactly the same as
for the effective sphere,

Ja=Je [out]. (29)
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On the disk-shaped region, the boundary condition is
chosen to be exactly the same as for the single disk,

ja=xCy [in] (30)

These boundary conditions determine the solution com-
pletely. The resulting total flux comes from the normal
derivatives on the surface, and has two parts,

ky = (4nR® — ma®)j, + P dS].. G1)

In case R, the boundary condition off the special
region is exactly the same as for the effective sphere,

}R =f£ [out], (32)

and because the special region is reflecting,
Je=0 [in]. (33)
The total flux is simply
kg = (4mR? — ma?)j;. (34)

When the various fluxes are combined in the effective
medium condition, we find

= p[(4nR® ~ ma)je + § asi] + (1 — p)@nR - 7,

a

= k; = ma¥, +p P dSj, (35)

or

nae = p P dsj,. (36)

To continue, we must find j,

At this point, we are dealing with four different
solutions of the diffusion equation, labeled by E, S, A4,
and R. They differ only in the boundary conditions that
they satisfy. However, there are similarities in the four
sets of boundary conditions, and the solutions are
linearly dependent on the boundary conditions. So it is
reasonable to expect similarities in the solutions. This
suggests that we try a relation between cases A4, S, and E,

Ca) 2 1sCo(D) + ueCe) + e, (37)
where u, pg, and p are constants to be determined.
The individual functions CS, CE, and C satisfy Laplace’s
equation, and this imposes one constraint on the con-

stants (all concentrations being evaluated on the sur-
face),

z[l*sés + P'Eés +R]-1= szll"sés + MECE + 1]

= P-s[zcs - 1]+ p‘E[ZéE —1]. (38a)

This leads to the constraint
Zne — 1= —pg — pg. (38b)

Next we check to see if the conjectured ¢ , satisfies the
right boundary conditions. Off the disk, we want j, = ;;
the conjecture gives ] A = WsJs + MeJe- Butjg = 0 off the
disk. Then we must impose the constraint

be = 1. (39)

On the disk, we want

Ia=xCo =i + peCe + uch (40a)
the conjecture gives
Ia= wsls + pefe = uekCs + pefe. (40b)
On comparing these, we find the constraint
k[keCe + wl = pele. (40c)

All constants are now determined, and the final result
for C,(r), which involves both the general r and the
specific R, is

R 1.] .
CeR) = —Je|[2Cs() - 1] (41)

Calr) = Ce() +

The radial derivative is needed to get the flux. On the
disk, this becomes

1.

jA =.;E + éE - ;]E zfs- (42)

This is substituted in the effective medium condition,
Eq. 36,

2" - 1.y -
waJE=p£dS e+ |Ce = Je|2s) - (43)
But C‘E andj; are independent of position on the surface,
and the surface integral of j is ks, the total flux into a

single receptor, as in Eq. 27. This leads to

R R 1.] .
(1 —p)"rrasz =p|Ce - ;]E zks. (44)

On solving Laplace’s equation for case E, which is
easy because all points on the surface are equivalent, we

find
[\[ - R)] (45)

This has the right initial value and the specified normal
derivative at R. Then we have a direct relation between
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E(R) and ]E When this is substituted in Eq. 44, we have
an expression for j; (and therefore kE) in terms of k The
rest of the derivation of Eq. 10, which we omit, involves
recogmzmg terms that reduce to k,p,,m asin Eq. 12, and
using the definition p = Nwa’/4wR, (which is how the
factor N appears). To correspond to earlier notation, K
is replaced by k. The result is Eq. 10.

APPENDIX A

Eq. 8 provides a more accurate prediction of binding rates than the
original Berg-Purcell formula. Scott H. Northrup (4) performed
computer simulations of the binding process and reported his resuits in
graphical form. He has very kindly given us his actual numerical
results, which are presented in this appendix. In the Table 1, N is the
number of receptors on the surface, SIM denotes the simulation re-
sults, BP is the prediction of the BP formula, Eq. 7, and Z is the predic-
tion of the modified Eq. 8. The parameter p is given by (0.0628)° N/4.

APPENDIX B

A partially absorbing circular disk is placed on a reflecting plane. We
want to find the steady-state diffusive flux k into the disk when the
concentration C(r) of the diffusing material is maintained at a constant
value C; = 1 far from the disk.

The problem is formulated mathematically as follows. In cartesian
coordinates, the disk is a circular region in the plane z = 0, centered on
the origin, with radius a. The steady-state concentration at r is the
solution of Laplace’s equation in the upper half space z > 0,

DV*C(r) =0 (B1)
which satisfies the boundary conditions
Ciry—=Cy=1 as r—om, (B2)
6C
5, =0 on [x*+y*>a% z=0%, (B3)

and the partially absorbing or radiation boundary condition on the
disk,

Dajz-C =xC on [x*+y*<a® z=0%. (B4)
TABLE 1 Comparison of theory with simulations
N k(SIM) k(BP) k(Z)
1 0.019 + 0.002 0.0196 0.0196
2 0.038 = 0.002 0.0385 0.0385
4 0.073 £+ 0.003 0.0741 0.0743
6 0.106 + 0.004 0.1072 0.1076
8 0.137 = 0.004 0.1380 0.1388
12 0.194 + 0.005 0.1937 0.1953
16 0.244 = 0.007 0.2426 0.2452
32 0.402 + 0.006 0.3904 0.3977
50 0.525 = 0.007 0.5002 0.5125
64 0.583 + 0.007 0.5616 0.5772
128 0.749 + 0.006 0.7193 0.7454
256 0.877 = 0.008 0.8367 0.8725

Note that the boundary conditions on the plane are applied only on the
positive z side of the plane. In the limit k — o, the disk is perfectly
absorbing. In the limit xk — 0, the disk is perfectly reflecting. The
desired flux is the surface integral over the disk

i}
k= asp —C0). (BS)

It is convenient to change from cartesian to oblate spheroidal
coordinates, (x, y, z) —> (£, m, ¢), according to

z=afn (B6)
x=a[(E+ 1)1 - n")]"cos ¢ (B7)
y=a[(E + 1)1 - n?)]"sin¢. (B8)

In oblate spheroidal coordinates, the disk is specified by £ = 0*. The xy
plane outside the disk is specified by n = 0*. The upper half space is
n>0.

Laplace’s equation is separable in oblate spheroidal coordinates; its
general solution involves products of Legendre functions and trigono-
metric functions. The solution having cylindrical symmetry and the
correct limiting behavior far from the disk is

C&m) =1+ 2 APM)QE), (B9)

where P, and Q, are Legendre functions of the first and second kind.
Note that the argument of @, is imaginary. P,(z) is a polynomial in z;
Q.(2) has logarithmic branch points. In particular, Q,(z) is

+1 1
== - . i£) = —jtan~! —
Qo(2) =5 log —7; Q(i§) = —itan g (B1O)
Normal derivatives on the plane z = 0 are
aC) 1 GC) Bi1
9z z=0 outside ag a'ﬂ n=0 ( )
aC) 1 BC) ®B12
92 ;.0 inside - an o §=0. )

The reflecting boundary condition outside the disk leads to the
conclusion that only the even Legendre polynomials P, () may appear
in the general solution. Then the partially absorbing boundary condi-
tion on the disk takes the form

o EAan Tg‘] =0t PZn(n)

aTl n=0

= k[l + 2 4,,0.,0)P(m)] . (BI3)

This boundary condition must hold for all n) between 0 and 1; negative
7 are not involved because only the upper half space is relevant. It
determines the unknown coefficients 4,,.

On performing the surface integral of the normal derivative of C,
one finds that the flux into the disk is given exactly by

k = 4Da (im/2) A,. (B14)

To proceed, we must find the unknown coefficients. For conve-
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nience, we change the notation:

Xn = _A2n QZn(i0+)
™ 1 aQZn(z)
&= _l 2 an(z) L N
2D
h= mra’ (B15)

Then the coefficients X, are determined by

S lhc,+ M Pu(n)X,=n,0<m <1  (Bl6)
n=0
The flux into the disk is given by
k = 4Da X, (B17)

In solving for the coefficients, we need the c,’s. They involve the
Legendre functions of the second kind, and their derivatives, at z =
i0*. To get Q,,(i0%), use the recursion formula

2(n - 1)2Q,.,(2) = nQ,(2) + (n - 1)Q,.,”. (B18)
On setting z = i0*, we find
n—1
Qn =- n Qn—2 (Blg)
and the initial value Qo = —iw/2 starts the recursion. The complete
dependence on n is
. ( /2) o
Qa(10") = (1) = | ~i (B20)

To get the derivatives of Q,,, start with the integral representation

0n(2) = a@fd (B21)

1 P2n(t)

Take the derivative with respect to z, and then set z = i0*. The
derivative of P,, is odd in z and vanishes at z = 0. The remainder gives

1

d

When these formulas are combined, we find an exact expression for
thec,’s,

n! P

an),

We still have to solve for the coefficients. The boundary condition
equation mixes terms that are even and odd in m, and does not appear
to have a reasonable solution; however, the boundary condition is
applied only for n > 0, and the parity of m is irrelevant. Convert the
equation into an infinite set of simultaneous linear equations for the
coefficients: multiply the equation by P, (n) and integrate over m from
0to 1. Define the resulting integrals:

1
Um = ‘[0 d“PZm(x))

c, = (B23)

TAaBLE 2 The steady state rate coefficient, k = 4DaX,, for a
partiaily absorbing disk at various levels of truncation as a
function of h = 2D/nca

h (Xl (X, X, [Xolo
0.1 0.83333 0.80908 0.803292 0.803227
0.2 0.71429 0.69001 0.686644 0.686616
0.3 0.625 0.60380 0.601609 0.601603
0.4 0.55556 0.53751 0.535981 0.535970
0.5 0.5 0.48466 0.483525 0.483517
1.0 0.33333 0.32574 0.325337 0.325334
20 0.2 0.19709 0.196966 0.196965
3.0 0.14286 0.14134 0.141279 0.141278
4.0 0.11111 0.11018 0.110146 0.110146
5.0 0.09091 0.09028 0.090259 0.090259

Then the boundary condition equation becomes

h

I CnXn +2men U.,.
We want to solve this for X, (#). It is an infinite set of linear equations;
however, we can truncate it at various levels, by restricting m and n to
integers < N. On solving the truncated equations, we can investigate
the convergence of numerical results as N increases.

A sequence of approximate solutions was found by using Wolfram’s
Mathematica. This software allows one to construct the Legendre
polynomials, and to perform exact integration of the U,, and V,,, (which
are integers). Finally it gives the exact solution of a truncated set of
linear equations, expressing X, as the ratio of two polynomials in the
variable & with integer coefficients. This was done with exact integer
arithmetic for small N, and double precision numerical arithmetic for
large N. The first two approximations (N = 0, 1 respectively) are

[Xo)o = (B25)

1

1+20°
15+ 128 A

15 + 168k + 256#%

[Xo) = (B26)

The first approximation (N = 0) is the one referred to in the main text
as Eq. 15. This process was carried out to the thirtieth order, and the
rational approximations were used to generate numerical values of
Xy(h) forN =0, 1, 2, 5, 10, 20, and 30. The results, some of which are
shown in Table 2, indicate quite good convergence; the tenth order
approximation is probably a representation of the exact solution to
four significant figures for # > 0.01. The first approximation (N = 0)
misses the exact solution by less than four percent for small 4. The
second approximation (N = 1) is good to a few tenths of a percent for
the entire range of 4.

In a recent note, Phillips (12) concludes that at small 4, X (k) should
go as 1 — (h/2) In h + O(h). Our procedure cannot produce a
logarithmic dependence on #; in effect, we are expanding in 1/4. For
h = 0.001, we needed to go to N = 30 to obtain X to four significant
figures (X, = 0.9956). Our numerical results are fully consistent with
Phillips’ logarithmic dependence.

L . Lo .
y = j; AP, (x) Py (x). (B24) f;;?ved for publication 18 January 1991 and in final form 1 May
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